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Introduction

This is an exact controllability problem for the one-dimensional wave equation by Dirich-
let boundary actuation. Such problems were thorougly analyzed in Gugat et al. [2005],
where the present problem appears as Example 1.

Variables & Notation

Unknowns

fi, fo € L*(0,T) control variables

y state variable

Given Data

The given data is chosen in a way which admits an analytic solution.

yo(z) =x — 1/2 target displacement
yi(z) =1 target velocity
T =3.25 final time
Q2=(0,1) computational domain
r=5/28 auxiliary
g1(t) = —1/4  auxiliary function
g2(t) = 3/4 —t auxiliary function.

Problem Description

Minimize maX{HleLoo(o,T)a ”f2HL°°(0,T)}
Ytt = Yz in Q x (O,T)

y(z,0) =0 in ye(x,0) =0 in
y(a,T) = yo(z) inQ ye(x, T) =y1(z) inQ
y(0,t) = f1(t) in (0,T) y(1,t) = fao(t) in (0, 7).

Optimality System

An optimality system is not provided in Gugat et al. [2005] but rather the exact solution
is constructed analytically.
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Figure 0.1: optimal controls
Supplementary Material

An optimal control can be derived analytically from [Gugat et al., 2005, Theorem 2.2]:

cHOAS t € [0,0.25] 27 t €[0,0.25]

al®)+r t €10.25,1] el)F t €10.25,1]

—o2(t ATy e 1, 1.25) — DT e [1,1.25)

AT —t) = =2y e 195 9]  fo(T —t) = =2EDT 0 4 ¢ [1.25,2)
QDI ¢ ¢ [2,2.25] DT ¢ e [2,2.25]
AUt e [2.25,3] 22Tt e [2.25,3]

[ —2U3HT e [3,3.25] —nST ¢ [3,3.25).

This pair of optimal controls may not be unique, but it is the unique one with minimal
L?(0,T) norm. The corresponding displacement 3 is piecewise linear, and the optimal
velocity gy is piecewise constant on areas bounded by characteristic curves of the equation
Yt = Yzz- Figure 0.1 displays the optimal controls. A plot of the optimal displacement
is provided in [Gugat et al., 2005, Figure 2.1].
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